We construct a quasiclassical framework on topological superconductors with strong spin-orbit coupling such as CuxBi2Se3. Applying the quasiclassical treatment decomposing the slow varying component from the total quasi-particle wave function, the original massive Dirac Bogoliubov-de Gennes (BdG) Hamiltonian derived from the tight-binding model represented by 8 × 8 matrix is reduced to 4 × 4 one, and the resultant Andreev type equations become equivalent to those of singlet or triplet superconductors without the spin-orbit coupling. Then, we find a fact that all the odd-parity superconductivity turns to the spin-triplet one without the spin-orbit coupling through the quasiclassical treatment. This clearly indicates that low-energy non-trivial superconducting properties in the topological superconductors can be explained by the past theoretical descriptions on the spin-triplet superconductors.
The discovery of topological superconductors has paved the way for new topologically non-trivial states of condensed matters. The bulk-edge correspondence as a consequence of the topology variation promises the existence of the gapless quasi-particles not only at edges similar to topological insulators but also inside vortex cores peculiar to superconductors. Moreover, the zero energy quasi-particle in superconductors gains an odd nature as Majorana fermion being an essential block for topological quantum computing. Thus, experimentalists have intensively explored evidence of the topological superconductivity by various tools, and theorists have debated theoretical framework to describe their various non-trivial superconducting properties [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . In this paper, we construct a convenient quasiclassical framework for the topological superconductivity characterized by strong spinorbit coupling and clarify its theoretical correspondence to the spin-triplet superconductivity without the spinorbit coupling. It brings about a very simple picture into the new topological matter by carrying the old knowledge.
So far, the quasiclassical theory has achieved a large number of fruitful results in studying superconducting properties especially in inhomogeneous superconductivity [12] . Since the first-principle Bogoliubov de Gennes (BdG) framework requires huge-scale numerical computations when diagonalizing the BdG Hamiltonian, the quasiclassical approximation has been utilized with significant computational cost reduction which enables to access several inhomogeneous situations like a vortex, its lattice, an interface with nonsuperconducting blocks, and so on. Of course, recent rapid developments on both parallel computers and numerical schemes are remarkable, but the reduction scheme into the effective low-energy theory is still quite useful. Indeed, the case of the topological superconductor constrained by the strong spin-orbit coupling such as Cu x Bi 2 Se 3 is the most prominent example, since the minimum BdG model demands two orbital degrees of freedom coupled with two spin degrees [13] [14] [15] , and the resultant BdG equations become eigen equations represented by an 8×8 Hamiltonian matrix compared to the conventional 2 × 2 one.
The quasiclassical theory is successful in the weakcoupling BCS type of superconductivity [12] . The theoretical framework is grounded on the fact that the coherence length ξ is sufficiently longer than the Fermi wave length 1/k F , i.e., ξk F ≫ 1 which expresses a typical scale difference in the weak-coupling superconductivity. Thus, the quasi-particle wave function can be approximated as a product of the fast (1/k F ) and slow (ξ) spatial variational functions, and the quasiclassical theory concentrating only on the slow component offers the significantly reduced models compared to the original BdG equations. Mathematically, the second-order spatial differential eigen equations are reduced to the first-order spatial differential equations on the one-dimensional line called the trajectory [12, [16] [17] [18] . So far, various types of the analytical and numerical techniques on the quasiclassical theory have been developed and successfully applied to a tremendous number of conventional and unconventional superconductors [12, [16] [17] [18] [19] [20] [21] [22] .
The topological superconductors have been theoretically examined by using manners similar to the quasiclassical theory by several groups. [23, 24] Their aim is to simplify the theoretical treatment on the topological superconductors by introducing the d-vector emerged in spin-triplet superconductors. Hashimoto et al. and Yip, respectively, employed the band and pseudo-spin basis, and Yip especially claimed that one can study the superconducting properties of Cu x Bi 2 Se 3 within the single band picture. However, it should be noted that all the previous treatments do not follow the so-called quasiclassical approximation rule, in which the quasi-particle wave functions are decomposed into fast oscillating and slow varying components. Thus, there has been no established theoretical framework properly pulling out relevant low-energy superconducting properties. In this paper, we then construct a complete quasiclassical framework on the topological superconductors. Starting with the massive Dirac Hamiltonian including the superconducting gap function describing the topological superconductors with the strong spin-orbit coupling [25, 26] , we present that the quasiclassical BdG equations become equivalent to the conventional linearized BdG (Andreev) equations without the spin-orbit coupling for spin singlet or triplet gap function depending on the original gap types. Especially, we point out that all the possible odd-parity superconductivity can be mapped onto those of the spin-triplet superconductivity through the present quasiclassical treatment. This fact clearly indicates that any low-energy topological superconducting properties are linked to those of the triplet superconductivity. Now, let us begin with the massive Dirac type BdG Hamiltonian on the topological superconductivity expressed as [25, 26] 
wherê
Here, γ i is a 4 × 4 Dirac gamma matrix, which can be described as γ 0 =σ z ⊗1, γ i=1,2,3 = iσ y ⊗ŝ i , and γ 5 =σ x ⊗1 with 2 × 2 Pauli matricesσ i in the orbital space andŝ i in the spin space, ψ(r) is the Dirac spinor,ψ(r) ≡ ψ
is the representative matrix of charge conjugation. ∆ − is the gap function and ∆
Considering only the on-site pairing interaction, the possible gap form is reduced into six types of functions as seen in Table I of Ref. [25] . These gap functions are classified into scalar, pseudo-scalar, and polar vector (four-vector) associated with the Lorentz transformation,
where, ∆ 0 is a scalar magnitude of the gap functions, the Feynman slash / α is defined by µ γ µ α µ , and the gap function including / α is characterized as a unit four-vector α µ . From the Hamiltonian Eq. (1), the correspondent 8 × 8 BdG equations are given as
where γ 0Ĥ ± =ĥ 0 ± µ, and∆ = γ 0 ∆ − . Note that v in the conventional Nambu eigen-state form, (u, v) T is related to u c as v ≡ iγ 2 u c .
The quasiclassical theory is founded on an assumption that the coherence length ξ is much longer than the Fermi wave length 1/k F (ξk F ≫ 1) [16] . The assumption is valid, when the order parameter amplitude |∆ 0 | is much smaller than the Fermi energy E F (|∆ 0 |/E F ≪ 1), and the condition is fully fulfilled in BCS weak-coupling superconductivity. In this theory, the wave function is expressed by a product of the fast oscillating one characterized by the Fermi momentum p F and the slowly varying one by the coherence length ξ, and the quasiclassical solution of the BdG equations is given as
Here, the chemical potential is supposed to be larger than the mass (µ > M 0 ). The eigenvectors are given as
and
where, χ 0 + p 2 F . These solutions are well-known as the free particle and anti-particle solutions in the Dirac equation in high energy physics, respectively. Here, we note that f 1 and f 2 have dominant weights on the spin-up and the spin-down, respectively, in the non-relativistic limit |p F |/M 0 ≪ 1. With the use of the above wave functions, we reach 4 × 4 matrix eigenvalue problem with respect to four functions (f 1 , f 2 , g 1 , g 2 ) from 8 × 8 BdG equations. The diagonal term is converted as
where, we use the relation v F ≡ ∂E 0 /∂p F = p F /E 0 . The diagonal term includes v F · ∇, which is well-known as the differential operator in the conventional quasiclassical theory [16] [17] [18] . The conversions of the off-diagonal terms depend on the type of the gap functions described below. Eventually, we have effective 4 × 4 quasiclassical BdG equations represented as
where f T = (f 1 , f 2 ), and g T = (g 1 , g 2 )(−iσ y ) T . The gap functions are converted into∆ eff ≡∆ quasi iσ y , where
We multiply iσ y by g to obtain the conventional BdG form. All the converted gap functions are listed in Table I . As an example exhibited in Table I , the pseudo scalar order parameter is equivalent to the spin-triplet order parameter whose dvector rotates in momentum space (d(k) ∝ p). [28] The polar vector types are also characterized by the d-vectors, whose momentum-dependent vector directions are equivalent to those given in Refs. [24] and [23] . Here, we address that the Eilenberger, Usadel, and Ginzburg-Landau equations are also derived by the present treatment. The details will be shown elsewhere.
Next, we examine the momentum dependence of the mass term M 0 → M (p) = M 0 + M 1 p 2 usually used in the topological insulators. The sign of M 0 /M 1 determines whether the system is the topological insulator or not [27] . Then, one can also obtain the quasiclassical BdG equations, by replacing the velocity v F and
F , respectively. This means that the quasiclassical BdG equations are characterized by the Fermi velocity. We note that there are two Fermi momenta p F,1 and p F,2 in the same momentum direction when the Fermi velocity v ′ F 1 (p F,1 ) < 0. This "two-band" behavior changes the energy spectrum of bound states, which means that the surface-state transition proposed by Yamakage et al. [27] can be successfully reproduced in the present quasiclassical theory.
Finally, let us demonstrate how the quasiclassical theory describes various properties of the topological superconductors by using the correspondence to the spintriplet superconductor without the spin-orbit coupling. Since the spin-triplet one has been so far extensively investigated, one can easily draw new features of the topological ones through the previous rich knowledge. The first example is quasi-particle bound states in a vortex core, and the second is those at an interface. Firstly, in the vortex core, we already obtained the zero energy Majorana bound states by solving the original Dirac-BdG equations (4) in the pseudo-scalar type gap function as Ref. [26] . In this paper, we show that the pseudo-scalar type has spin-polarized zero-energy Majorana fermions inside the vortex core. The pseudo scalar gap whose matrix elements are written in the present quasiclassical theory aŝ
(12) In the case p z = 0, one can decouple the quasiclassical BdG (Andreev) equations (11) with two chiral p-wave gap functions ∆ eff± ∝ p x ± ip y . In such a case, according to Ref. [16] , the energy spectrum specified by the vortex line along the z-direction is given as
where
Here, n is the integer quantum number related to the angular momentum. By using the previous insights on the chiral p-wave superconductors [30] , we can have another explanation why the Majorana vortex bound states are spin-polarized shown in Ref. [26] . According to Ref. [30] , there are two types of the vortices called C (charged) vortex and U (uncharged) vortex, where C vortex has an effective twofold winding (+2) and the U vortex zero winding (0). These vortices are differentiated by whether the orbital angular momentum of p-wave Cooper pair and the vortex angular momentum are parallel or anti-parallel. In the pseudoscalar topological one, the equation for (f 1 , g 1 ) has U vortex and that for (f 2 , g 2 ) has C vortex. As shown in Fig.1 in Ref. [30] , the zero energy vortex bound states consist of the states of the p x − ip y order parameter with the orbital angular momentum l = 0 (U vortex) and those of the p x + ip y order parameter with the orbital angular momentum l = 1 (C vortex). Since f 1 is the spin-up dominant solution, the Majorana bound states of up spin component are localized at the vortex center in the pseudo-scalar topological superconductor. In addition, we can examine that the other gap function also has the spin-polarized Majorana bound states. In the z-polar topological superconductor, the effective gap function is written aŝ
(15) In the magnetic field parallel to the z-direction, the present quasiclassical equations can be regarded as those with two chiral p-wave gap functions ∆ eff ∝ p x ∓ ip y , Thus, the zero energy Majorana bound states are predicted to have down-spin polarization in the vortex core.
The next issue is the quasi-particle bound states at interfaces. The phase change of the gap function through a scattering process at an interface is crucial for whether the bound states are formed at the boundary or not. The so-called zero energy Andreev bound states appear when the sign of the gap function changes through the scattering process [31] . For example, the sign change always occurs in the backward scattering with the pseudo-scalar type Cooper pair. Moreover, other odd parity ones also have the zero-energy bound states. With the use of the effective gap functions, one can examine the existence of the bound states through the previous theoretical results. Here, let us show the zero energy bound states in the present quasiclassical theory. The corresponding quasiclassical 2 × 2 matrix Riccati equations can be ex- − and the effective ones∆ eff (pF) in quasiclassical theory. "P-scalar" denotes a pseudo scalar whose parity is odd and "i-polar" denotes a polar vector pointing the i direction in four dimensional space.∆ pressed as [19, 21, 22, 29] 
where, ω n denotes Fermion Matsubara frequency. Supposing a specular surface, the local density of states diverges as the gapless bound states emerge. Assuming the uniform gap functions, the condition
is always satisfied at the surface [30] [31] [32] [33] . Here, p in is connected to p out by specular reflection. The above condition the zero energy ω n = 0 becomes Thus, as shown in Table I , the zero energy Andreev bound states are formed with the backward scattering p in = −p out in all odd-parity superconducting states. In contrast, we note that the zero-energy state does not appear in the case whose d-vector is parallel to the surface [23] .
In conclusion, we derived the quasiclassical BdG equations in topological superconductors with strong spin orbit coupling from the Dirac-BdG equations. The obtained equations are equivalent to the linearized BdG (Andreev) equations with the effective gap functions shown in Table I . With the use of these effective gap functions, one can easily investigate the topological superconductors through the correspondence to the spintriplet superconductors. Indeed, we confirmed that the various insights about the surface-states transition, the spin-polarized vortex core, and the zero-energy surface states can be described in the present quasiclassical theory. One can use several well-developed techniques of the quasiclassical theory to study the inhomogeneous topological superconductors with the strong spin-orbit coupling.
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